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Summary We consider a linear regression model with errors modelled by martingale
difference sequences, which include heteroskedastic augmented GARCH processes. We
develop asymptotic theory for two monitoring schemes aimed at detecting a change in the
regression parameters. The first method is based on the CUSUM of the residuals and was
studied earlier in the context of independent identically distributed errors. The second method
is new and is based on the squares of prediction errors. Both methods use a training sample
of size m. We show that, as m — o0, both methods have correct asymptotic size and detect
a change with probability approaching unity. The methods are illustrated and compared in a
small simulation study.

Key words: Heteroskedastic errors, Linear model, Prediction errors, On-line change-point
detection, Residuals.

1. INTRODUCTION

Changes in economic environment are likely to induce structural instability in the initially
chosen underlying econometric model. Therefore, testing for possible structural changes in model
parameters has recently become one of the principal objectives of econometric analysis. There
are two distinctly different approaches to tackle such problems, namely, (1) retrospective or a
posteriori tests, and (2) sequential (on-line) or a priori tests. The present paper is concerned with
the second approach which is more useful when a decision has to be made on-line, as new data
become available. We follow the general paradigm of Chu et al. (1996) in which the initial time
period of length m is used to estimate a model, and the goal is to monitor for changes in model
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parameters, ensuring that the probability of a false detection does not exceed a prespecified level
«. In this approach, the asymptotic analysis is carried out assuming that m — oo, and its goal is
to verify that the probability of the detection approaches o under the null of no change and one
under the alternative of a change in parameters after the initial time period. Following the work of
Chu et al. (1996), Horvith et al. (2004) developed the asymptotic theory for two new classes of
monitoring schemes based on residuals and recursive residuals and appropriately chosen boundary
functions. The latter paper, however, considered a linear regression model with independent
identically distributed (i.i.d.) errors. While the assumption of i.i.d. errors is convenient from the
mathematical point of view, it is typically violated in regressions involving econometric variables.

The goal of the present paper is to develop the theory of sequential change-point testing for
two monitoring schemes. The first scheme is the CUSUM of residuals test introduced in Horvath
et al. (2004). We show that this test is robust, for instance, to heteroskedasticity in the regression
errors and inherits all the desirable properties established for regressions with i.i.d. errors. The
second scheme is motivated by the work of Clark and McCracken (2005) and is based on squared
prediction errors. Allowing heteroskedasticity implies that the squared prediction errors are (even
asymptotically) serially correlated, so the asymptotic analysis is much more delicate than for
asymptotically uncorrelated residuals.

Even though the literature on sequential monitoring of linear models is still rather small,
the methods considered here have a rich background in the retrospective setting. Quandt (1958,
1960) derived the maximum likelihood ratio test under the assumption of normally distributed
errors. Further properties and refinements of this maximally selected F-test were developed by
Andrews (1991, 1993) and Bai et al. (1998) who studied the asymptotic behaviour of a trimmed
(restricted) version, and by Horvath (1995) who obtained the exact limit distribution. Wald-type
and union-intersection tests were proposed in Hawkins (1987, 1989). Their precise asymptotics
were derived in Horvath and Shao (1995). Csorgd and Horvath (1997, p. 298) showed that the
union-intersection and the maximally selected tests are asymptotically equivalent. The above
methods are based on comparisons of parameter estimates. For further references and details, we
refer to Bai and Perron (1998, 2003), and Hansen (1995, 2000), among others. Using residuals to
detect changes in regression parameters was advocated by Brown et al. (1975) whose approach
has been subsequently refined and specialized by many authors (see e.g. Krimer et al. 1988;
Ploberger et al. 1989; Gombay and Horvath 1994). In the context of evaluating out-of-sample
forecasts, McCracken (2000) [see also Clark and McCracken (2001, 2005)] advocated tests based
on prediction errors.

The paper is organized as follows. In Section 2, we introduce the testing problem and list
the assumptions. The test statistics and their limiting behaviour under both null and alternative
hypothesis are stated in Section 3. Before proving our results in Section 5, we illustrate them by
means of a small simulation study in Section 4.

2. THE TESTING PROBLEM AND THE ASSUMPTIONS
We consider the linear regression model
yi=xBi+e,  1=i<oo
where Xx; is a p x 1 dimensional random or deterministic vector of the form

X = (L xo0, . Xp0), M
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B isa p x 1 dimensional parameter vector and {¢;} is an error sequence. Our first assumption
states that there is no change in the regression parameter during the first m observations, i.e.

Bi = Bo» l<i<m. ()

Condition (2) was called the ‘non-contamination assumption’ in Chu et al. (1996). It is particularly
important because the test statistics to be defined below use the historical data set as a reference
for comparisons with later observations.

We wish to test the no change in the regression parameter null hypothesis

Hy: B;i=PBy, i=m+1lm+2,..., 3)
against the alternative hypothesis

Hy :thereis ak® > lsuchthat 3, = 3, m <i <m+k*,
but B; =B,, i=m+k*, m+k*+1,... with 8y # B,.

The parameters 3, B34 and k*, the so-called change-point, are assumed unknown.
The monitoring procedures studied in this paper use a detector function I"(m, k) and a boundary
function g(m, k) which together define the stopping time

“)

t(m) =inf{k = 1: |['(m, k)| = g(m, k)} (5)
(with the understanding that inf # = co) which must satisfy
lim P{t(m) < oo} =, under Hy; (6)
m—00
lim P{t(m) < oo} =1, under Hy. @)
m—0o0

The index k labels the time elapsed after the monitoring has commenced. The probability o €
(0, 1) controls the false alarm rate. Condition (6) ensures that the probability of a false alarm
is asymptotically bounded by «, while condition (7) means that a change-point is detected with
probability approaching one.

In the remainder of this section, we state the assumptions on the regression model.

As mentioned in the ‘Introduction’, we allow the errors &; to exhibit conditional
heteroskedasticity. However, we will consider somewhat more general innovation sequences to
be defined now. We assume that

Ee; =0, Ege; =0 (@ #)) and Eeiz < C withsomeC > 0. (8

Under appropriate assumptions, condition (8) is satisfied, for example, for so-called augmented
GARCH(1,1) processes introduced by Duan (1997). See Section 6 for a broader discussion.

In order to be able to estimate the asymptotic variance of the squared prediction error, we
must assume that

Eel <oco and  p’:=Vareg+2) Cov(ej, ef) > 0. ©)

i
i=1

Finally, we impose the usual conditions that there is a positive definite matrix C and a constant
k > 0 such that

=0n™) a.s. (n — 00) (10)

1 n
- E xixiT -C
i3
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and that
{e;} and {x;} are independent. (1)

In (10) and in the following, |-| denotes the maximum norm of both vectors and matrices.
Throughout the paper, we work with a realization of the x;, 1 <i < 00, satisfying the bound in
(10).

3. MONITORING PROCEDURES AND THEIR ASYMPTOTICS

In this section, we define the two monitoring procedures and state their asymptotic properties
under both the null and the alternative.
The first procedure is based on the residuals

& =yi — X B, (12)
where

-1
Bm = |:ZXIXJT:| ijyj (13)
Jj=1 Jj=1

is the least-squares estimator computed using the initial m observations. The detector function is

m—+k
Q(m, ky= Y &
i=m+1
and the boundary function is
k k 14 .
gm, by =c/m |1+ — — , c=cl@)>0,0<y <5. (14)
m m+k

The stopping time is

To(m) = inf{k > 1: [Q(m, k)| = g(m, k)}.

This method was studied by Horvéth et al. (2004) under the assumption of i.i.d. errors &;. We
will show that its asymptotic properties are unaffected by assuming (8) instead, so, for example,
under conditional heteroskedasticity.

The second procedure is motivated by the recent work of Clark and McCracken (2005). Denote
by

~ T 2 .
Veri = Xp4:8e, i=1,...,r,

the linear predictor of y,.; based on the first £ observations. Then, under H, the squared prediction
error (Yo — $e4:)” should be close to the square of the unobservable error s% +i- Following the
lines of the proofs in Horvéth et al. (2004), one can then expect that the detector function

r k—i room—r

. k .
R(m, k) = Z (ym+v+i - Yn1+v+i)2 - E Z Z ()’V-H - yv+i)2
1

i=1 v= i=1 v=p
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will lead to a monitoring procedure satisfying (6), (7) with the boundary function (14). For
completeness, we state that the stopping time is defined by

tr(m) = inf{k > 1 : |R(m, k)| = g(m, k)}.

The asymptotic properties of the monitoring procedures are formulated in terms of a functional
of the standard Brownian motion (Wiener process) which we denote in the following by
{W():t = 0}.

Moreover, the proofs of the theorems to come rely heavily on the following approximations
of certain partial sums of the innovations {¢; }. We assume that, for each m, there are independent
Wiener processes {W 1 ,(t):t > 0} and {W 5 ,,,(¢):r > 0} and a constant o > 0 such that

m-+k
sup i Z & — oWy (k)| = Op(1) (m — 00) (15)
I<k<oo i=m+1
and
Y& —oWau(m) = Op(m®)  (m — o0) (16)
i=1

with some A < 1/2. Conditions (15) and (16) are, in particular, satisfied if {¢; } is an augmented
GARCH sequence. This fact is proved in Lemma 6.1.
We first consider the asymptotics under the null hypothesis.

Theorem 1 Assume that (2), (8) and (14)—(16) hold, and that y < k. Then, under H,

lim P{l max M < 1} =P{ sup W@l SC}.
O<t<l1

m—00 O l<k<oo g(m,k) - ty

The limit distribution of sup,_,_; IW(¢)|¢t™7 is known only in the case y = 0. Critical values
for other choices of y were obtained through simulation in Horvéth et al. (2004).

The application of Theorem 1 requires the estimation of 2. Since there is no change in the
historical data and the errors are orthogonal, the natural estimator is the sample variance of the
residuals

Zm—p,2,<€'“2”) |

It can be verified that 62 converges in probability to o2, so Theorem 1 remains true when o is
replaced by 6,,.

To prove a corresponding limit theorem for the prediction approach, we need further
conditions. Let {G;} be a filtration, that is G; C Gy for all k, and assume that

(&;, G;) is an orthogonal martingale difference sequence. (17
Also, we require that the innovation variances and fourth moments are the same, that is
Eef=0> and Eg' =k >0, i>1. (18)

1
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Furthermore, we assume that there are independent Wiener processes {W 3 ,,(t) : t > 0} and
{W4,m(t) : t > 0} such that

1 m+-k

max | D (62— 0%) = uWan(h)| = Op(h)  (m— 00) (19)
- i=m+1
and
3 (62— 0%) — uWan(m) = Op (m®)  (m — o) (20)

i=1

with some A < 1/2, where u is as defined in (9). Under suitable assumptions, augmented GARCH
processes satisfy conditions (19) and (20), as is shown in Lemma A.2.

Theorem 2 Assume that (2), (9), (10), (14) and (17)—(20) hold. Then, under H,

1 R(m, k W(t
lim P —maxwgl =P sup| ()|§c.
oo | rpizk<o g(m, k) ozist 17

We also need an estimator for 2 defined in (9). This parameter is much harder to estimate
than o2, since the {¢? — o} are not orthogonal. If {¢?} is a strictly stationary sequence, the
Bartlett estimator is defined by

q(m)
iz, =8 + 2260;(61(7”))5;,

Jj=1

where
R 1 m—j 1 m 1 m
0 = — 82— — 2] (8% . — — 82 21
J m i m 14 i+ m !
i=1 (=1 (=1
yeea, €

R
wij(gm)) =1 T

are the weights. The maximum lag g(m) is assumed to satisfy

q(m)
—

Jm

Under the conditions of Theorem 2, ;[3,, N w2, so the assertion of Theorem 2 remains true if
is replaced by f[i,,.

Next, we turn our attention to investigating the behaviour of 7 y(m) and 7 g(m) under the
alternative hypothesis. In addition to assumption (10), we also need that the condition

g(m) — oo and 0 (m — o0). (22)

1 m+v )
Z xijT- — C a.s. as min{v — k*, m} - oo (23)
J=mAkr41

v — k*

is satisfied, with C defined in (10). It turns out that the order of the difference 7 (m) — k* depends
on the location of the change-point. Let | -] denote the integer part.
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Theorem 3 Assume that (1), (2), (4), (8), (10), (11), (14) and (23) are satisfied, ICIT(,BO —B.)| #
0 and that

k* = |0m” ] with some 6 >0, B> 0.

Under H 4, as m — o0:

@) IfO0=p=1—-2y)/Q2—2y), then

To(m) — k* = Op (m1-2/C=2))
(i) If (1 = 2y)/(2 = 2y) < B < 1, then
To(m) — k* = Op (mV/271-))
(iii) If 1 < B < oo, then
to(m) —k* = Op (k*m_'/z) .

Theorem 4 Suppose that the assumptions of Theorem 3 are satisfied. Then all conclusions of
Theorem 3 hold with To(m) replaced by tg(m).

Theorems 3 and 4 imply that the difference tz(m) — k™ has, in case (i), an asymptotic order
which—depending on the choice of y € [0, 1/2), but not on that of f—Tlies between m'/? and m.
In case (ii), the order is bounded from below by m'/? and from above by m#, while in case (iii),
the order is at least m'/2.

Let us assume that there are several changes in the parameters and the number of observations
between changes is at least m. Our monitoring procedures will stop around the first change-point.
We use the next m observations after 7, the time of stopping, as the next training sample and
start the monitoring procedure from the (7 (1) + m)th observation. If there is a change, we stop
again at some time 7 (o). We then continue the monitoring from the (7 (2 4+ m)th observation. Thus,
our procedure might also be used to detect multiple changes.

4. A SMALL SIMULATION STUDY

We illustrate the theory developed in the previous sections in case of the linear regression
yi = Boi + Brixi + &

The discussion in this section is not intended to provide new insights into research in economics
or finance, but merely to illustrate the statistical behaviour of the monitoring procedures and to
facilitate their practical application by considering some special cases.

Denote by By(n) and B (n) the least-squares estimators of the intercept and the slope based
on the observations (x;, y;),i = 1, 2, ..., n, and consider the residuals

& = yi = Bolm) — Br(m)xi, i > 1,
the recursive residuals
=y —Poli =)= pii — Dxi, i >1
and the prediction errors

ferie = Yori — Bo©) — Bi(Oxepi, 0> 1.

© Royal Economic Society 2006
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Table 1. Empirical size (in per cent) for the detectors D, and P, with ¢ = 1; m = 100. The left-hand
column in each panel reports rejections at level @ = 0.10, the right at level & = 0.05.

Detector D, Detector P, q =1

Horizon y = 0.00 y =0.25 y =045 y = 0.00 y =0.25 y =045
2m 1.1 04 37 1.5 5.7 2.7 1.7 0.8 42 2.1 7.3 53
4m 4.9 2.4 6.3 2.9 7.5 3.7 53 2.7 7.2 3.6 8.7 6.4
6m 7.0 35 7.3 33 8.2 4.0 7.6 4.0 8.5 4.2 9.2 6.6
8m 8.0 4.2 7.8 34 8.3 4.1 8.6 4.7 9.2 4.6 9.3 6.7

Since fi j1; = &;41, for r = 1, the detector R(m, k) becomes

m+k—1 k m—1 m—+k k m
_ ~2 K 72 _ K g2
Rom. Ky =} iy, = 2 i1l = > & mZ i
j=m+1 j=2 i=m+2
Recall that
m+k
Q(m, ky= Y &.
i=m+1

It is convenient to work with the normalized detectors

_ K\’
Dy (m, k) = [m&2] " (m%k) (%) 10(m, k)|

k Y
Pym, ) = [mi] ™" (mLJrk) (%) IR(m. k)]

with 6,%1 being the sample variance of the residuals &;,2 <i < m and ;7.%1 the Bartlett estimator
defined in Section 3.

The null hypothesis is rejected at level o at the first time & such that D, (m, k) > c or P, (m,
k) > ¢, where the critical value c is determined by

and

P { sup t VW ()| > c} =a.
O<t<l1
A table with these critical values is given in Horvath et al. (2004).

As in Chu et al. (1996), all simulation results below are based on 2500 replications.

Table 1 reports empirical sizes of the procedures with 8o; = 0, 81; = 0 and independent
standard normal errors. This setting is similar to that considered in Chu et al. (1996), but both
the slope and the intercept are estimated. [Chu et al. (1996) reported simulation results only for
monitoring a possible change in mean of independent standard normal observations.] The size is
well controlled and similar to that of the fluctuation detector of Chu et al. (1996). Methods with
small y are more conservative than methods with y close to 1/2. We found that size does not
depend on the values of B¢; and 8; = 0, the differences are smaller than the chance error. Results
for m = 50 and 200 are similar and are therefore not reported.

A much more telling insight is provided by a power study reported in Table 2. For i < m, we
set Boi =0, B1; = 0. The changes in the regression parameters are such that the maximal power is
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Table 2. Empirical power (in percent) for the detectors D, and P, with ¢ = 1; m = 100; k* = 5. The left
column in each panel reports rejections at level o = 0.10, the right at level o = 0.05.
Detector D, Detector P, g =1

y = 0.00 y =025 y =045 y = 0.00 y =025  y=045

Horizon Change in slope from O to 1.4
2m 3.1 1.0 8.60 4.00 13.0 73 871 806 925 89.1 929 905
4m  16.0 85 20.15 1155 183 105 89.6 840 934 903 937 911
6m 179 103 2125 1235 186 108 89.6 840 934 903 937 91.1
8m 217 132 2410 1395 202 120 89.6 840 934 903 937 O91.1
Change in intercept from O to 0.5
2m  77.8 627 85.2 759 853 778 7.3 47 103 64 174 129
4m 985 963 98.5 96.7 975 953 109 6.6 128 81 188 13.7
6m 994 98.6 99.3 983 987 973 122 7.1 137 88 19.6 139
8m  99.7  99.0 99.5 989 99.1 982 133 7.5 140 89 199 141

Table 3. Summary statistics for the regressions of excess returns on S&P 500 on earnings to price ratio.

1954-1971 1971-1997
Value Std. Error P-value Value Std. Error P-value
Intercept —0.0284 0.0144 0.0500 0.0024 0.0072 0.7400
Slope 5.5337 2.2320 0.0140 0.4095 0.8651 0.6363

close to 100%, but is never 100%, otherwise the methods could not be compared. The detector D,
is sensitive to changes in the intercept, but largely insensitive to changes in the slope. The picture
is reversed for P,,. The two detectors thus complement each other. Note that for the change in the
slope, the power of P, is the same for monitoring horizons of 4m, 6m and 8m. The realizations
of P, (m, k), k > 1 look different, but they tend to approach the vicinity of the critical value for
k < 100. After that time, they decrease, and never approach the critical value again. This is due
to the recursive prediction errors used in P, and this effect is visible to a lesser extent for the
power when the intercept changes and for the size.

We will further illustrate the behaviour of the monitoring schemes by simulations based on
a part of the data set compiled by McCracken (2000). Our goal is to come closer to a real world
application, in which the assumptions of our theory are not perfectly satisfied. As will be seen, the
size is no longer strictly controlled. The main reason why the size exceeds the nominal size for
long monitoring horizon lies in the nature of the explanatory variables x; which now form a time
series with a complex dependence structure for which the convergence in (10) may be very slow
and the stochastic structure of the x; evolves with time as well. Conditionally heteroskedastic
errors, whose marginal distribution has excess kurtosis, also increase the size, but to a lesser
extent.

To motivate our simulations, we consider the dependent variables y; which are the monthly
excess returns of the S&P 500 index over the period from January 1954 to March 1997. The
explanatory variables x; are previous month’s earnings to price ratios. The detailed description
of these quantities is given in McCracken (2000).
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Figure 1. Excess returns on S&P 500 versus earnings to price ratio.

We split the 519 data points (x;, y;) into two subsets shown in Figure 1. The first subset
contains the initial 200 observations and the second the remaining 319 observations. The break
point corresponds to September 1971 and was so chosen because the parameters of the regression
appear to change slightly after that date. In the initial 200 months they appear to be constant,
so we work in the sequel with m = 200. Table 3 gives summary statistics for both time periods
and suggests that before 1971 excess returns were positively correlated with the earnings to price
ratio, whereas after 1971 the earnings to price ratio had no significant /inear predictive ability.

We evaluate the performance of the monitoring schemes by reporting cumulative annual
empirical rejection frequencies over the period of 10 years which corresponds to 120 observations.
While this maximal monitoring period seems appropriate for the macroeconomic data considered
in this section, it is somewhat arbitrary: in practice it would be dictated by the timespan of interest.

In our simulations, the errors were generated as realizations of a GARCH(1,1) model fitted
to the residuals of the regression for the initial period. The parameters of this GARCH model
are w = 0.000144, o = 0.095450 and B = 0.801718. These parameters change only slightly
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Table 4. Empirical size (in per cent) for the detectors D,, and P, for the first 10 years of monitoring. The
left-hand column in each panel reports rejections at level & = 0.10, the right at level o« = 0.05.
Detector D,

Year y = 0.00 y =0.25 y =045
1 0.00 0.00 0.36 0.08 2.93 1.87
2 0.00 0.00 0.60 0.24 4.26 2.93
3 0.04 0.00 0.84 0.28 5.00 3.40
4 0.08 0.00 1.36 0.64 5.60 3.67
5 0.24 0.00 3.08 1.56 7.60 4.53
6 0.76 0.16 4.48 2.60 9.33 5.80
7 1.84 0.52 7.24 4.28 12.60 8.13
8 4.88 2.36 12.28 7.92 17.07 12.00
9 10.40 5.92 19.24 13.16 21.67 16.80
10 17.48 12.08 26.08 20.04 29.00 22.60
Detector P,,q =1
Year y = 0.00 y =0.25 y =045
1 0.20 0.13 2.40 1.40 7.33 6.20
2 0.80 0.60 4.53 2.74 9.80 8.40
3 1.47 1.13 6.13 4.00 12.47 10.13
4 2.73 1.93 7.80 5.40 14.47 12.00
5 4.07 2.87 10.00 6.87 16.67 13.27
6 5.00 3.67 11.67 7.93 18.33 14.80
7 6.00 4.40 13.13 8.87 19.67 15.80
8 7.00 5.00 14.87 10.20 21.27 17.00
9 8.53 5.67 16.47 11.13 22.60 17.80
10 10.07 7.00 17.53 12.20 23.60 18.60

when the GARCH(1,1) model is fitted to the residuals over the remaining sample points, (to
o = 0.000117,a = 0.076625, B = 0.863166), so we used the same model for the errors before
and after the onset of the monitoring, as required by our theory. The initial model corresponds
to the estimated model for the period 1954-1971, i.e. 8o = —0.0284 and B, = 5.5337. When
studying the power, we consider two regression models after the change:

Model A: B = 0.0000, 8, = 0.0000;

Model B: 8y = 0.0216, §; = 5.5337.

Model A represents a very small change in parameters and corresponds to the estimated model
for the period 1971-1997 for which neither the intercept nor the slope is significantly different
from zero. In Model B, the slope remains unchanged but the intercept increases by 0.05. Visually,
this represents a larger separation of the scatter plots than in Figure 1. We performed simulations
for k* = 3 and 12, which correspond to a change-point after one quarter and after 1 year since
the onset of the monitoring.

Table 4 shows empirical sizes for the detectors D,, and P,,. As in the case of a regression with
i.i.d. errors, detectors with small y are more conservative, while detectors with y close to 1/2
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Table 5. Empirical power (in per cent) of the detectors D, and P,, for the first 10 years of monitoring. The
left-hand column in each panel reports rejections at level o = 0.10, the right at level & = 0.05.
Detector D,,, y = 0.45

Year Change to Model A Change to Model B
After one quarter After 1 year After one quarter After 1 year
1 3.93 2.33 2.13 1.20 81.60 72.00 3.07 2.07
2 5.13 2.67 333 2.00 99.67 99.53 72.80 61.73
3 6.13 3.33 3.80 2.27 100.00 100.00 98.33 97.67
4 8.60 5.13 4.87 2.33 100.00 100.00 99.87 99.80
5 32.27 23.07 9.13 5.07 100.00 100.00 100.00 100.00
6 45.13 36.33 32.00 22.27 100.00 100.00 100.00 100.00
7 58.07 49.87 42.00 33.27 100.00 100.00 100.00 100.00
8 71.47 64.87 54.73 46.60 100.00 100.00 100.00 100.00
9 80.20 75.47 69.67 62.27 100.00 100.00 100.00 100.00
10 86.40 83.27 78.27 73.73 100.00 100.00 100.00 100.00
Detector P,y =045, =1
Year Change to Model A Change to Model B
After one quarter After 1 year After one quarter After 1 year
1 8.20 6.07 6.87 5.80 49.33 43.93 9.40 7.87
2 10.53 8.27 9.80 8.33 72.27 66.60 41.80 37.13
3 13.53 11.00 12.67 10.93 82.27 78.20 63.93 58.20
4 16.73 13.40 15.13 12.53 89.00 85.53 74.60 69.80
5 19.47 16.00 18.07 14.87 90.07 87.67 83.07 79.13
6 20.87 17.37 20.67 16.33 90.80 88.40 84.80 81.20
7 22.40 18.67 22.20 17.60 91.07 88.60 85.80 82.73
8 23.80 19.73 23.13 18.80 91.13 88.80 86.13 83.00
9 25.80 21.00 24.20 19.40 91.13 88.80 86.20 83.27
10 26.67 21.87 25.40 20.33 91.13 88.80 86.40 83.33

have a higher rate of false rejections. In the long run, detectors P, are more conservative than
D, and their rejection probabilities increase more gradually with the time of monitoring. Over
the period of 10 years, none of the detectors considered in Table 4 has empirical size smaller than
o, the detector Py comes very close. In a practical application, one would choose to work with a
detector with a well-controlled size over the monitoring period of interest.

Table 5 shows that detector D, has higher empirical power than the detector P, but even it
needs close to 10 years of monitoring to detect a change to Model A, which cannot be effectively
detected by detector P,,. This is not surprising because this change is very small: if only one-thirds
of the points were available in the right-hand panel of Figure 1, it would be practically impossible
to tell by eye that the parameters of the regressions are different in the right-hand and left-hand
panels of that figure. The change to Model B can be readily detected. The change at 3 months is
easier to detect than a change at 12 months. Other simulations, not reported here to save space,
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show that these general properties hold for other choices of y. In accordance with Table 4, the
power is lower for smaller y. For detector P, it is higher by some 5% for ¢ = 0 and decreases
for larger g. The practical choice of the detector, including the choice of y and g, will be dictated
by the particular problem at hand, in particular by the time horizon of interest and the minimum
size of the change to be detected.

5. PROOFS
Before proving Theorems 1-4, we establish an elementary lemma, which will be extensively used
in the sequel. Recall that we work with a fixed realization of the x;’s.

Lemma 1 If condition (10) is satisfied for some k > 0, then

-1
1 m
(E Zx,xf) —C ' =0m™)  (m— o), (24)
i=1
%)
Z = O(log m) (m — 00), (25)
i=1
and
o il
ZW<OO forall e > 0. (26)
i=3

Proof. Horvéth et al. (2004, lemma 1) proved that (10) implies (24). By Abel’s summation
formula and standard estimates, we get

m k

Zﬁ< su l2:|X<|2 i;+1
i ’ I

i=1 1sk<o0 K 15 j=1

implying (25), since the supremum on the right-hand side is finite and the latter sum is increasing
with order logm. Let ¢ > 0. Similarly, we also obtain, after an application of the mean-value
theorem to the function f(x) = x(logx)'*¢,

m

X ¢ ! ! ~
2 i(logi)!+e 2 (i(logi)‘ﬂ (i + DllogG + 1)]'+8> 3 !

i=3 i=3 (=

1 m )
+ X;
o 5 Dozt + D 2

“odlde (I L) T,
< E — | - E X — E X;
- i(logi)t+e (i = el o il

i=3 i=1

1 <& I QT
sup EZIXI-I2<27+1><OO,

1<k<oo i=1 j=3 ](log j)1+£

since both the supremum and the sum are finite. Thus the proof is complete. O
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5.1. Proof of Theorem I

The proof of Theorem 1 consists of two lemmas stated and proved in this section.

Lemma 2 [f the conditions of Theorem 1 are satisfied, then, as m — o0,

1 m+k m+k
doa—| D e Z&
i=m+1 i=m+1

su =op(1).
1§k<p<>o g(m, k) |. 4 d

Proof: LetC, =+ > " x;x!.Since B,—By=C'L Z'J" 1 X;€;, we have that

m-+k m-+k m-+k T 1 m
A 2 : -1 § :

E & = E & — X; Cm — X;€j.
m =

i=m+1 i=m+1 i=m+1

Assumption (8) yields that £ x;¢; =0and Var (x;; ¢ ;) < C[x; 2, so, by Chebyshev’s inequality,

m
E X;€j| = Op
Jj=1

Lemma 5.1 of Horvith et al. (2004) and (10) yield that there are random variables ko and n( such
that, for all k > 1,

(v/m) (m — 00). 27)

m+k

Z X; — k¢

i=m+1

<ko(m'™ +(m+0)') i m > mo, (28)

where ¢ is the first column of C. Putting together equations (24), (27) and (28), we conclude that

1 1 m+k T
— ( Z xi) C;,' TC_ ijej

sup
1<k<co (M, k) |\ m imma

1—«
= Op (v/m) sup ! ( d +(m+k) —l—m_’().

1<k<oo g(m, k) ml+e m

Since y < k, we get that

km™' + (1 + k/m)m™*
max
tsk=m (14 k/m)[(k/m)/(1 + k/m)]Y

k l-y K\
< max 27 <—) m~ + (—) m™ ) = max 2Ym™“ + m" ™) = 0(1),
I<k<m m m 1<k<m

as m — 00. Also,

km™' % + (1 4+ k/m)ym ™
sup =o(1),
m<k<oo (1 +k/m)[(k/m)/(1 + k/m)]Y
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thus completing the proof of

1 1 m+k T
— ( > x,») C;! - Tc— Zx gj| = op(1). (29)

sup
1<k<oo g(m’k) i=m+1

Since clT C'=(,0,...,0), the lemma follows from (29).

Lemma 3 If the conditions of Theorem I are satisfied, then there are two independent Wiener
processes {W 1, (t) :t >0} and {W,,,(t) : t > 0} such that, as m — oo,

1 ok k < k
su - — g —o|W (k)——W ,,(m)) =op(1).
12kt gm, ) ,.:,,ZM m Zl b 2 r

Proof. Using assumptions (15) and (16), we have

1 m+k ko k
su & — — gi—o|W m(k) - =W ,m(m)>
151(500 g(m, k) ,-z,,zl;rl m ; < : m’

“or(m, () [0+ 2) 50 T )

kA k A—1
SUDP| <k <m * km 7 = O (m}’—l/2 1r<nka<x KA~y + mA_l/z)
Vv (143 (77) sksm

Clearly,

=0 (my1/2 max kAV) ,

1<k<m
since y < 1/2. Also,

y—1/2 A-y _
m max k _ .
1<k<m y=1/2 if A < Y

{myl/zmAy ifA>y } — o(l)

Since A < 1/2, we get similarly

kA +kmA 1
ke i (1 5) ()
kA—y kl—y A—1/2
< sup L—i— sup "

m<k<oo (Wl + k)liy m<k<oo (m + k)liy
k ko'
= sup /m <m + ) K™% 4+ sup mA1? (—) =o(1),
m<k<oo m<k<oo m+k
completing the proof of the lemma. O
Proof of Theorem 1. Putting together Lemmas 2 and 3, it is enough to show that

W)l
sup P

k
su W m(k) W m(m)‘
1§k<poo gm, ky| " >

This is established in the proof of theorem 2.1 of Horvéth et al. (2004).

O<r<l
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5.2. Proof of Theorem 2

We will use the notation C; = 21;21 X jij. Elementary calculations, involving the application of
(13), show that

L
. T el
Yevi — Yeri = €oqi — X, Cy E X;gj, (30)
i=l

and, therefore, for any N > 0,

I

Z Z ON4vri — yN+v+z)

i=1 v=1

r k—i r Nev
2
= 228N+v+1 2228N+v+sz+U+, N+U Zx g
i=1 v=1 i=1 v=
r k—i N+v Nv
T —1 T
T Z Z Z X; € Cn XN 14Xy 404 C N+v Z X/
i=1 v=1 j=I1
= Ap1(N) + Ar2(N) + Ar3(N). G1)

In the following lemmas, we show that appropriately normalized functionals of the second
and third terms in (31) are negligible. We then work with the first term to establish the required
limit in Theorem 2.

Lemma 4 Let the conditions of Theorem 2 be satisfied. Then, as m — o0,

|Ag 3(m )|

1<k<oo &(m, k) orh):

Proof. Straightforward estimation gives that

ro k—i

|As(m)| < ZZ

i=1 v=

m—+v

Exs,

A combined application of condition (10) and (24) yields

|Cm+]}| |Xm+v+1| .

max (m+v)|C,L| =00 a.s. (m — 00). (32)

Leth_(x,l,.. , X j,p). Itis clear that, forany1<i<p {Zk 1 Xj,i€j, Gk} is a zero mean
square integrable martingale and E[(x;, ,8,) [Gj—1] —x JE [5 |Qj 1]. Therefore,
oo l oo
——F (X',ié?')2|g' 1 Eler1G2 a.s.
; iog e - (2016 ,X:; ,(10g,)1+za ik [e719,1]

Using assumption (17) and (26), we get that

o0 1 o0
E — 2 < .
(Z j(log j)I+2® xj B [ ]G ) = Z ](10g1)1+25 X} <00

Jj=3
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Thus we have
Z Jj(log J)1+25 [(xj,igj)z | gjq] < o0 a.s.
Jj=3

Using exercise 7.4.10 in Chow and Teicher (1988, p. 249), we get that for all §,6* > O there is a
random variable mg such that

m—+v

§ :stj
J=1

So by (32) and (33), we can find a random variable & such that

< 8" (Vm +vllogim +]'***)  forallv = Lifm = mo. Gy

r k=i 1428
. [log(m + v)]
e <8633 P T

i=1 v=1 m+v

By Abel’s summation formula, we get that, forany 1 <i <r,

m+k 11428
Z |X.f|2M ( sup Z|Xe| ) <[log(m + k)] log (mT-i-k))

j=mti+l 7 Isj<oe

with some positive constant A, since

m+k 114268 m+k
lo 1

> P gt Y

— J ——

< C[log(m + k)1 [log(m + k) — log m].

Hence, there are random variables £* and m* such that

sup |Ag3(m)] < 5% sup [log(m+k)]1+28 log(m;l-k)
1<k<co &(m, k) I<k<oo ﬁ (1 + %) (mLJrk)y
if m > m™. It is clear that
o Lloglm + 01 log (%57)
i (14 ) A7)

completing the proof. O

— 0 (m — 00),

Lemma 5 Let the conditions of Theorem 2 be satisfied. Then, as m — o0,
k |Am 3(0)|

l<k<oo M g(m k)

op(D).

Proof. Define the filtration {F;} by letting F; = G, First, note that

room—i

| A 3(0)] < ZZ

i=1 v=

v

Exs,

e
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Since {Zl;zl X;€;} is a mean zero, square integrable martingale with respect to {#;}, via the
Hijek—Rényi inequality [see Chow and Teicher (1988, p. 247)] we obtain that, for any A > 0,

§ :X/‘B/

Also, by assumption (10) and Lemma 1, we get |C
conclude

Op(1) (m — o0).

l<v<m v)Hrl/Z

1'=001/v)as v — oo. Consequently, we

[Am 3O = O0p() Y Y v x> (m — o).

i=1 v=1
By (26) we have

Y v P =0pm™)  (m— o0)

v=1

and thus we arrive at

Kk 1Ans0) L N
sup — . =0Op(l) sup (| —— m =op(1)
l<k<oo M /m (1 + %) (mL_H{)y l<k<oo \IM + k
as m — oo on choosing A appropriately small, hence completing the proof. a

Lemma 6 Let the conditions of Theorem 2 be satisfied. Then, as m — o0,

|Ag2(m)

=op(1).
Ioheoo m k) T

Proof. Let 1 <i <r and, for | <k < oo, set Dy = Di(i) = Y +_' n,(i), where 1,(i) =
EmtvtiXi iy Coby 22y X;€;. Recall that Fi = Gy 4. Then

k—i m+v
T
E[Di|Fr—1]l = E E Emtv+iXp1v+i Corr § :XJSJ Fi-
v=1
k—i—1 m+v
= & 'XT X &
- m—+v+i My 4p+i m+v 1<
v=I
m—+k—i

T T
FE[emi Fr-11%, 4 Crpri § : X;€j
Jj=1

= Dy, a.s.,

since E[&y11|Fr—1] = 0 a.s. by assumption (17). Hence {D;, F;} is a martingale. So by the
Hijek—Rényi inequality [see Chow and Teicher (1988, p. 247)] we have, for any A > 0,

m+k m+k

| Di I & (@)
P{@i’&mwf—mw = R
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Moreover, by (24),
E 2/ 4T C_l < A|Xm+k+i|2
M) = 0 X 14 G Xty = Ttk
with some positive constant A. Hence, forall0 < < 1 — 2y,

i En;(i)
(m+k)2( k )21/

k=1 M m m+k

<Am§:|xm+k+i|2 m+k\>
= Lt Tk

|XZ+1| m
<A E max
— €1+5 I<k<oo (m + k)2—2y—§k2y

< Am _1+2y+az |X¢4i |
£1+8

as m — 00, since the latter sum is finite according to (26). Choosing X arbitrarily small, the proof
O

is complete on recognizing that Ay x(m) = Y _i_, Di(i).
Lemma 7 Let the conditions of Theorem 2 be satisfied. Then, as m — oo,
k |Am 2(0)|
2 — op(1).

l<k<oco M g( k)

Proof. Observe that, by the orthogonality of the x ;¢ ; and (25), we have

Var (ri Ey+i U-HC ZX 8]) — 0_4 va-HC Xppi < AO’4’§ |X\)+l _ O(log }’}’l)

v Jj=
as m — oo by (25) with some positive constant A. Thus we have, after applying Chebyshev’s

inequality,

k |An12(0)| logm < k )l—y
sup = 0p(1) sup | —— =op(1)
l<k<oco M /m (l +m)(mL+k)y F / I<k<oo m+k i

as m — 00, finishing the proof.

Proof of Theorem 2. It follows from Lemmas 4-7 that it is enough to prove that

1 J k
Z Z Emtvri - I’I_l Z Z Eoti T

r“1<k<oog(Mk)11U1 i=1 v=1
D [W ()|
—> sup

tY

(m — 00). (34)

0<r<1

We note that

rok—i k
2 2
§ § :(8m+v+i - =r § : mty E :(r m+1+z -0 )
v=1

i=1 v=1
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Because the number of terms in the second sum on the right-hand side of the latter equation does
not depend on m and k, it is clear that

r

PRACMEEET N EeE]

i=1 v=1 i=1 v=1

k m
—r |:Z (8,2n+v — 02) — % Z (83 — 02):| =op(l) (m — 00). (35)
v=1

v=l1

su
1<l<<oo g(m k)

Using the uniform weak invariance principle in (19), we have that

1 m+k A
I ity | 2, 1 ) W ®] = 00 ey, G
and
(A m? =12 ér/:gm kAT ify > A
1k m(k/my’ N m®~12 max <£>A—V ify <A =0
I<k<dm \ m
as m — o0. Hence,
1 m+k , ,
L e ,-:m; (7 = 02) = uWsn(®)| = 0p(1)  (m—00).  (36)
Similarly, (19) also yields
1 m-+k ) )
WS gy | 2, 1 ) 7
= (9P(1)4 sup kAt = Op(ym*712 = 0p(1) (37

as m — 00, since A < 1/2. On the other hand, the weak approximation in (20) implies that

Z /’LW4 m(m)

i=1

—op(1)  (m— o0). (38)

sup
1<k<oo g(m k) m
On combining equations (35)—(38), we arrive at

k rom—i

22 Emsrai = 0) = ZZZ(‘ESH —a?)

i=1 v= i=1 v=I1

l<k<oo g(m k)

k
‘W3m(k) —W4 m(m)‘ =op(l)  (m— 00).
1<k<oo g(

Horvith et al. (2004, pp. 239-240) showed that for all m,
sup |W3,m(k) - k/mW4,m(m)| i} sup |W([)|
I<k<oo ﬁ (1 + %) (mLJrk)y 0<t<1 17

and so Theorem 2 is proved.
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5.3. Proofs of Theorems 3 and 4

Proof of Theorem 3. It follows from the definition of &; that, for all £ > k*,

me+k ek mek \T ) mik \T ,
> Z«Si-i-(ZXi) (ﬂo—ﬁm)‘i'<z Xi) By = By)

i=m+1 i=m+1 i=m+1 i =m+-k*
m+k m+k r m+k r
= Z & + Z xi | (Bo—B,)+ Z Xi | (Bs — Bo)-
i=m+1 i=m+1 i=m+k*

By Theorem 1, we have

m+-k m+k T )
ik<oo g(m k) Z & + (Z Xi) (50—/3”,) = Op(1).

i=m+1 i=m+1

Condition (14) yields Z:"fmk e Xi = (k — k*)e; + o(k — k*) uniformly in m. Thus we have, as
m — 00,

|Q(m, | Op(1)+ O(1) (k = k)1 4 o(1))

sup ——— = su ,
1sk£1v g(m, k) k*<’<I<)N Vm (L+ 30 (i)
where the bounds in Op (1) and O(1) do not depend on N. We need to choose N so large that the

supremum on the right-hand side of the last equation is larger than a given constant. Elementary
arguments show that choosing N as

Cm''=2/C=2) (0 < B < (1—-2y)/(2—2y)
N—k*={Cm'271=-p  (1-29)/2-2y)<Bp =<1

Ck*m~'/2 B>1
we get
k —k*
lim sup > L(C)
e S T+ B) )
and lim L(C) = o0 as C — 0. O

The proof of Theorem 4 is more complex and uses a number of technical lemmas.
Similarly to the decomposition (30), which holds true under the null hypothesis H, we obtain
under Hy, forall k > k*and 1 <i <r,

m+k
% - . T Cc! iy
Ymtk+i = Ym+k+i = Emtk+i — Xpypgpk4i Cmtk Xj€j
Jj=1
T T
FXo i &~ Xk ( Cm+ka+k*)
m+k

= Em+k+i — Xm+k+1 m+k 2 :XISI + Xm+k+1 Cm+ka+k* (39
j=1
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where A =3, —3 and I denotes the p x p identity matrix. We have used that 3; =8¢ if i <m
+ k* and B; =8, if i >m + k. Introducing the notations

m+v

I _JT
Umtv+i = Xm+u+sz+qu+k* and Mty = Xp11C m+v E :X/‘Ew

equation (39) yields

I

k—i
Z Z (Ym+v+i - )A’m+v+i)2

i=1 v=1

rok*—i

r k—i
= Z Z Omtvti — Pmrvti) + Z Z Omsvti = Pmrvsi)

i=1 v=1 i=1 v=k*—i+1
= By 1(m) + - - - + By a(m),

where we have used the further refined abbreviations

rook*—i

r k—i
Bk,l(m) = Z Z (ym+v+i - ym+v+i)2 + Z Z (5m+v+i - 77m+v)2 5

i=1 v=1 i=1 v=k*—i+1

r k—i
Bk,2(n1) =2 E E Cmtv+i Emtv+is

i=1 v=k*—i+1

r k—i
By 3(m) = _EZ Z Omtv+illm+vs

i=1 nu=k*—i+1
r k—i
B —_ 2
kx4(m) - Olm-‘ru-&—i‘
i=1 v=k*—i+1

The first term, By 1(m), does not depend on the parameter subject of change, A. Therefore, it is
bounded in probability.
Lemma 8 Let the assumptions of Theorem 4 be satisfied. Then, as m — 00,

sup Byi(m) — — Z Z(YV+1 o4i)?| = Op(1).

I<k<oo g( ) i=1 v=p

Proof: The assertion follows directly from Theorem 2, since the process under consideration is
exactly the one under the null hypothesis Hy.

Next, we show that B 4(m) will be asymptotically ‘large’. Subsequently, it will turn out that
this term determines the asymptotics under the alternative H 4, since it dominates also B »(m)
and B k3 (m)

Lemma 9 Let the assumptions of Theorem 4 be satisfied. Then, for any s € (0, 1), there are kg

and mg such that

m+ k*

Br.a(m) > (1 —s)r ATCA . (k — k%)

if m >mgand k > k* + k.
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Proof: By assumption (14) and Lemma 1, for any 1 <i <r and for a given s € (0, 1), we can
find an integer my = m(s) such that

Z ai%ereri = ﬁ lk*—1+1 A Cm+k*Cm£rva+v+l m+v+z Cm+va+k*
v=k*—i+1
k—i 2 (40)
— m + k*
>(1—ys) Z AT (m T ) Xm+v+ixr7;l+v+iA
v=k*—i+1
if m > m for all k£ > 1. By Abel’s summation formula, we get that
k—i
;me-‘rv-&-llxr];z—t-v—t-i
veiog4r (M A V)
k—i 1 1 v .
= — Xt j+i Xt i i 41
3y ([m SF e ) 2, e
T Z Xm4v+iX m+v+
(m+k_l+1)2u =k —i+1 "
Using (14) and again Abel’s summation formula, there is k¢ such that, for any s > 0,
> ( : >< iy
—_ v — i -
i [m+v)2 [m+v+1)? (m+k—i+1)?
3 k—i 1
L 2(m+v)2 (m+k*—i+1)2
k—i
N (m+ v)2
v=k*—i+1

k—k*
= (L= 9) Grtme

forall 1 <i <rifk>k* + ko. So by (14), (40) and (41), we have

k(k k")

Bra(m) =" Z am+v+,_(1—s)rATCA

i=1 v=k*—i+1

if k > k* 4+ ko and m > m, completing the proof.
It remains to investigate the asymptotics of the mixed terms By »(m) and By 3(m). The first
term is studied in the following lemma.

Lemma 10 Let the assumptions of Theorem 4 be satisfied. Then, for all integers 1 < a < m and
A > 0, there is a constant ¢ such that

P = ATCA 2

P{ (m+ B0 } _ o o
k*+a<k<oo ATCA(M + k*)(k k*) -
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Proof: Choose 1 <a <m and X > 0. The Hajek—Rényi inequality yields

k—i

E Omtv+i Em+tv+i

> A
v=k*—i+1

S ATCAMm + k) k — k)

k*+a<k<oo

P{ (m + k)

IA

5 % 2 k*4a—1
g I (R B S
22 ATCA(m + k*)a vk —it1 S

0 2
m—+v 5
ey (ATCA(m + k(v — k*)> am*”*’} '

v=k*+a

Using Lemma 1, there is a constant ¢; such that

o0 2
Z m-+v o2 '
ATCA(m + k*)(v — k) )

v=k*+a
(o]

C1 1 T T
. — ——A'X i X AL
— T 2 Z 2 MAVH X4y

(ATCAY 4= (v —k)

Elementary computations give

00 1 | * .
T\ =R P =k 1] a
and therefore (14) and Abel’s summation formula imply that
(e8]
! T T 3 T
V;Fa mA Xt X1 & = zA CA.

Similar arguments also give

K+ 2 k*4a—1
< e ) E , ar2n+v+i = C_4ATCA’
a

ATCA(m +k)k — k%)) &=

hence completing the proof of Lemma 10.
Finally, we verify that B 3(m) is small compared to B 4(m).
Lemma 11 Let the assumptions of Theorem 4 be satisfied. Then, for any M > k*, there is a

constant C such that

(m + k)| B 3(m)| C M—k*
P { max > < -
ki<k<M ATCA(m + k*)(k — k*) A2 (m + k*)?

for all A > 0.
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Proof: Using Abel’s summation formula, we obtain that

k—i k—i m+v
T
E Umt+v+ilm4+v = E Olm+v+ixm+u+1 m+v E X;€;
v=k*—i+1 v=k*+—i+1
k*—i+1 k—i
— ~I C—l
= Um+t+i X001 Cmpe | Xm+vEm—+v
v=1—-m \€=k*—i+1
k—i k—i
I C—l
+ Ontt+i X041 C e | Xm+vEm+tv
v=k*—i+2 \{=v
k*—i+1 k—i
E R (m)Xp v Emyv + E Sk,v(m)xm+v£m+u~
v=I1—-m v=k*—i42

Note that R;(m) does not depend on the summation index v. The Hdjek—Rényi inequality yields

.

k*—i+1

Z Ri(m)Xn 0 Emv

v=1-m

o i ( (m + ORL(M)Xe11 )2
32 4= \ATCA(m +k*)(k — k*)

m+k
k*<k<M ATCA(@m + k*)(k — k*)

IA

Applying Lemmas 1 and 14, we get that, for all 7,

k—i

z : O+ m+€+1cm+l
C=k*—i+1

[Ri(m)| =

T
§ Xt o+i Cm+€ Contir Axm+z+lcm+e
o=k —it1

m+ k*
(m + £)2

IA

k
C Y PuesilXmperl |A]

l=k*—i+1

k
=Cm+kIAL Y+ 0 Xogesil Xt
C=k*—i+1

k—k*

=C(m+k )—(m+k)(m+k*)’
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where C denotes a universal constant which may vary from line to line. We arrive at

u m+k 2 k=i , B 2
Z <ATCA(m + k*)(k — k*)) Z Dt 4 %041 Copr | Xkt

k=k*+1 C=k*—i+1
M * )2 2
m+k m~+ k*)(k —k
=C > (a7 A )
e \ATCAGn + k) (k — k%) (m + k)m + k%)
T
S k1
(m + k% 4,
- CM —k*).
 (m+k*)?

Similar arguments apply also in case of Zﬁ;;;*_i +2 Sk, (M)Xp 10 Em o, thus completing the proof.
Using the previous auxiliary results, we are in a position to prove the limiting behaviour of
our test statistics under H 4.

Proof of Theorem 4. By Lemmas 8-11, it is enough to investigate the quantity

m+k* _L*
r(k*, k) — m+k (k k ) )
ﬁ(l + %) (mlch)y

() Let0 < B < (1 —2y)/(2 —2y) =¢ and set k = k* + Cm®. Note that, by definition of k*
and k, % — land1+ % — 1asm — oo. Furthermore, k/(m + k) ~ k/m ~ Cm®~ " as
m — oo, since B < ¢. [Let {a,} and {b,} be sequences of real numbers. We say that a,
~b, if a,b;' — 1 as n — 00.] Hence,

Cm? _c
JmCrymy¢=1 o

1-y

r(k*, k) ~

resulting in liminf,,_ . r(k*, k) = C'~7, which can be as large as we want choosing C
appropriately large.
(i) Let¢ < B < 1andsetk = k* + Cm'/>70-F Now

- C
lim liminfr(k*, k) = lim — = oo.
C—00 m—o0 C—oo Y

(iii) Similar arguments work also in the third case.
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APPENDIX A:
AUGMENTED GARCH PROCESSES

As mentioned in the Introduction, we wish to allow the errors &; to exhibit conditional
heteroskedasticity. We can achieve this by modelling them as an augmented GARCH(1,1)
sequence (see Duan 1997). Most conditionaly heteroskedastic models used in practice are
augmented GARCH(1,1) processes, (see Carrasco and Chen 2002 and Aue et al. 2006 for specific
examples). The goal of this section is to verify that conditions (15), (16) and (19), (20) hold under
appropriate assumptions, if

{e;} is an augmented GARCH(1,1) sequence (A1)
defined by the recursions

& = oy ly, (A2)

A} = W& )AL ) + g(Gr—1), (A3)

where —oco < k < 00; A(x), h(x) and g(x) are real-valued functions defined on the non-negative
real numbers and the real numbers, respectively, and

{¢r + —o0 < k < oo} are independent, identically distributed

(A4)
random variables with E¢y = 0.
To solve for a,f, we must assume that the inverse function
A7 (x) exists. (A5)
Following Aue et al. (2006), we further assume
E|zo|** < oo with some § > 0; (A6)

E|g(¢o)|" < oo with some v > 4(1 + max{0, z}); (A7)

A(O‘OZ) >w a.s. with some w > 0; (A8)
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A’ exists and is non-negative, and there are C and z such that

';‘ < Cx*forall x > . (A9)
A(A~H(x))

Assumptions (A.6)—(A.9) cover the case when A is a polynomial-type function (i.e., A(x) = x”).
The case of A(x) = log x, the so-called exponential GARCH model, received special attention
in the literature (cf. Geweke 1986 and Nelson 1991) and requires a stronger assumption:

if A(x) = logx, then E exp(t|g(&o)|) exists with some ¢ > 4

and |h(x)| < h with some 0 < h < 1. (A1)

Throughout the sequel, we assume that the augmented GARCH sequence in (A.2) and (A.3)
satisfies (A.4)—(A.6), (9) and, in case of polynomial-type functions, (A.7)—(A.9) or, for exponential
GARCH models, (6.10). We note that under these conditions {&;} is a stationary and ergodic
sequence with E¢p =0 and E sg < o0 (see Aue et al. 2006).

Lemma A.1 If the conditions of Theorem 1 are satisfied, then, for each m, there are independent
Wiener processes {W y ,,(¢):t > 0} and {W 5., (¢):t > 0} such that (15) and (16) are satisfied.

Proof: First, we show that the partial sums 3.7 & and 7 1 & can be approximated with

independent Wiener processes. Following the proof of lemma 5.4 in Aue et al. (2006), we can
define random variables &; € o(¢; :i —i” < j < i) with some 0 < p < 1/10 such that

k k
max. ;si — ;éi =0(1) as. (A11)
So it is sufficient to approximate 37" & and 7', | &. It follows from the definition of & that

S g and {Y7HE & 1 1 < k < oo} are independent. We show below that there is a 0 < A

< 1/2 such that

Yo mE0omY)  (m— oo (A12)
i=m—mP+1
Hence, we can approximate 7", & and {3_7"** 118 1 1 <k < oo} with two independent Wiener
processes. In light of (A.11) and the stationarity of the ¢;, we need to show only that there is a
Wiener process {W (¢):r > 0} such that

= O0p(1). (A13)

sup
1<k<oo

L
> e — oWk
i=1

It is clear that (A.13) and the upper bounds for the increments of {W (¢):# > 0} in Csorg and
Révész (1981) imply (A.12).

The proof of (A.13) is based on the strong approximation in Eberlein (1986). Let F,,, = o (¢; :
i < m). First, it follows from the definition of the ¢; that

E( MZM & _7-'m> =0 a.s.

i=m+1

1
k&
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Since {¢;} is a sequence of orthogonal martingales, we get that

Var( ’il s,») = no?.

i=m+1

Similarly, it holds a.s.,

m+n 2 m+n  m+n
E (Z 81‘) m |: Z Z §1§1010/

i=m+1 i=m+1 j=m+1

m+n
} = E[¢2] Z E[6?1Fu].

i=m+1

Next, we show that, uniformly in m,

m+n m—+n
E E a |.7-' E Eo n'= A)
i=m+1 i=m+1

with some A* > 0. By stationarity, it is enough to show

n
- E Eai2 =
i=1

The proof of (A.14) is based on the truncation method of Aue et al. (2006). Therein, random
variables 0 € 0(¢; 1 i — i*" < j <1i)are defined with p* > 1/4. They showed that

(n'=27). (A14)

o0
Y E|E[o71F0] — E [07%|Fo)| < o0
and therefore

Z E[o}|Fo] = YI_, E [0721F0] + O(1) = Y1 E[0?] + O(1).
i=1

The approximation in (A.13) now follows from Eberlein (1986).

Lemma A.2 If the conditions of Theorem 2 are satisfied then, for each m, there are independent
Wiener processes {W 3, (t):t > 0} and {W 4,,,(¢):t > O} such that (19) and (20) are satisfied.

Proof: Approximations of sums of 51.2 — o were considered by Aue et al. (2006). Since {512} is
a stationary sequence with exponentially decreasing autocorrelation, their method also gives the
independence of W3, and W4 ,,,. By lemma 5.4 of Aue et al. (2006), there are random variables
g €o(gj:i—i? <j<i)withsomeO < p < 1/10 such that

= 0O() a.s. (A15)

Hence, it is enough to approximate Y /-, &7 and Zm_tnk 1 &2. It follows from the definition of &; that
I lm "2 and { Z,mtnk 41 "12 k > 1} are independent. Thus, we can establish the approximations

for the sums independently of each other. By theorem 2.4 of Aue et al. (2006), we can define a
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Wiener process {W 4,,(¢):t > 0} such that

Z (87 — %) = Wau(m —m?) = Op (m*)

with any A > 3/8,

Z (512 - ‘72) - Z (512 - 02) =0Op (mA + mf’logm) ,
i=1 j
and

Wan(m = m?) = Wi n(m) = O (/m7logm

by the strong law for the increments of a Wiener process (cf. Csorg and Révész 1981). Hence,
(20) is proved.

In light of (A.15), we can define a sequence {&; : —00 < i < oo} independent of ) /| m g2

2

~ . D .

such that {&; : —oo <i < 00} ={g : —00 < i < oo} and
k k

2 -2
i=1 i=1

Since {&;} is a stationary sequence, theorem 2.4 of Aue et al. (2006) implies

= 0O(1) a.s.

max
1<k<oo

m+k
sup — Z & — Wam(k)| = Op(1)
1<k<oo K i=m+1

with a suitably chosen Wiener process W 3 ,,,(¢) and with any A > 3/8. Thus, (19) is also proved.
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